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Abelian projection is reanalysed in the frame of the SU(N) Higgs model. The extension to QCD is discussed. 
It is shown that dual superconductivity of the vacuum is an intrinsic property independent of the choice of the 
abelian projection. 



1. Introduction 

The mechanism of color confinement by dual 
superconductivity of the vacuum |ll2| requires the 
identification in QCD of a magnetic Um(1) gauge 
field, which has to be a color singlet if magnetic 
charges have to condense in the vacuum and pre- 
serve the color gauge symmetry. 

For T <T C Um(1) has to be Higgs broken (dual 
superconductivity), for T > T c it must be re- 
stored (normal ground state). UmO-) is defined 
by a procedure known as "Abelian Projection" 

In sect. 2 we reanalyse the Abelian Projection 
in the SU(N) Higgs model. In sect. 3 we discuss 
the extension to QCD and we show that dual su- 
perconductivity (or not) is an intrinsic property 
independent of the particular choice of the pro- 
jection. 

2. SU(N) Higgs model. 

Consider the SU (N) Higgs model. In the usual 
notation 

C = Tr {D^D^} - -Tr {G^G^} ~ V(<j>) 

4> = Y^iLi 1 ^iT 1 is a scalar field in the adjoint 
representation. In the Higgs phase {<f) a ) = (p a ^ 
0, ip a being a nontrivial minimum of V(<p). 
Consider the field strength tensor 4 

FZ v = Tr{<j>*G lu ,} - -Tr{<j> a [D^ a ,D^ a ]} (1) 

"Talk presented by A. Di Giacomo. 



F£ v is a color singlet and gauge invariant, and 
such are separately the two terms of eq.(l). The 
following theorem has been proved in ref.JSJ 



Theorem. Bilinear terms in A^A V cancel be- 
tween the two terms on the right side of eqQ) and 
F" obeys Bianchi identities {d^F^* — 0) iff 

r = U{x)tf llag ll\x) (2) 
with U(x) a generic gauge transformation and 
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The invariance group of 4>^ iag is g — SU(a) ® 
SU(N — a) ® U(l). It identifies a symmetric 
space|H], in the sense that if Lq is the Lie algebra 
of the subgroup g, L the algebra of SU (N) and 
L\ = L — Lq, then [L , L ] C Lq, [Lq, Li] C L%, 

C Lq. 

Viceversa there is a conjecture by Michel |7IH] 
that if the Higgs field belongs to the adjoint rep- 
resentation any </> a identifies a symmetric space, 
or has the form eq.(0),eq.|(2Jl. 

If <fi a is of the form of eq.(2), eq.(l) reduces 
identically to the form 

Ku = 9„Tr {<j?A v } - d v Tv {^A^} 



--Tr{r [d^ a ,d u cf> a }} 



(4) 
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which is again gauge invariant and color singlet. 
In the gauge a = <p% ag (unitary gauge) F* v re- 
duces to the abelian form 

f;„ = d^Ai - d v Ai (5) 

with A° = Tr {<p a A^}, whence the name "abelian 
projection" of the gauge transformation to the 
unitary gauge. 

A a ^ is defined by expanding diagonal part of A^ 
in terms of roots A^^g = £\ ofA^ 

a' = diag(0, 0, ... 1, -1, ... 0) (6) 

Tr{4&agofi}=5<*. 

In the Higgs phase (f> a ^ monopoles exist 
as solitons. The construction is the same as in 
ref'sgH for 577(2), in the SU{2) subgroup of 
SU(N) spanned by the + l elements of eq.©- 
For these solutions the electric field = 0, the 
magnetic field at large distances Hf = \eijkFjk 
is that of a Dirac monopole of charge 1/g 

If 

H = — - + Dirac string (7) 

However F*, eq.QJ, can also be defined in the 
Coulomb phase, where monopoles do not exist as 
solitons, by assuming cjf of the form eq. (J2J), trans- 
forming in the adjoint representation, with U(x) 
an arbitrary gauge transformation. U (x) identi- 
fies the abelian projected system, or the system 
in which <fi a is diagonal: U(x) can be taken as 
the operator which diagonalizes 0, the Higgs field, 
but any other choice is legitimate. 

The order parameter for a possible dual super- 
conductiity will be the vev of an operator which 
creates a magnetic charge. 

Such an operator exists [TBj ano - nas the form 
a a (x,t) =e i S d3 y Tr (<t> a (y. t )E(y,t))b ± (x-y) , g x 

-»-» -» -» 2tt r 

Vb± = , V A ii = T + Dirac string 

g r 6 

fi a is gauge invariant and color singlet. 

In the abelian projected gauge <j) a = $J ioff , 
tr {<f) a E} = E a (component of the field along the 
root a a , and 

[i a (x,t) = ex V !i [ d 3 yE a ± (y,t)b ± (x~y)X (9) 



Only £7" survives in the convolution with b±. In 
any quantization procedure Ej_ is the conjugate 
momentum to A"^ , and the operator eq. © is the 
translation operator of Aj_ , or, in the Schrodinger 
representation 

/i a (x,i)|i*l(y,t)> = \A a ± (y,t) + b ± (S-y}) 

i.e. n a (x,t) creates a monopole. Of course [i a 
depends on 4> a (x), i.e. on the abelian projection 
U(x). 

3. QCD 

In QCD there is no Higgs field, but F^ v 
can be defined anyhow by eq.(jHJl, with <fi a = 
U(x)4>di ag U' (x) a scalar field in the adjoint rep- 
resentation belonging to the orbit of (f>% iag - U(x) 
identifies the representation in which <p a is di- 
agonal (abelian projection), which can be cho- 
sen to coincide with the one in which any lo- 
cal operator 0{x) in the adjoint representation 
is diagonalj2|. The construction is independent 
of the properties of 0(x) under Lorentz group or 
discrete transformations|ll| 

The corresponding operator [i a , eq. (JHJ) , by use 
of the cyclic invariance of the trace can then be 
written 

[j, a (£ } t) = e l I d3 y Tr (^ia S UHy,t)E(v,t)U(y,t))b ± (x-y)^ 

If U (x) is independent of the field configuration 
it can be reabsorbed by changing variables in 
the Feynman integral by a gauge transformation, 
with jacobian equal to one, when computing cor- 
relators of /i a . To all effects 

fi a (x,t) =e i S d3 y Tr (<t'dia !! E±(y,t))b±(x-y) 

and correlations do not depend on U(x). 

If U(x) depends on the gauge fields the jacobian 
can be non trivial and the effective lagrangean of 
the order parameter may depend on it. 

However if the bulk density of monopoles is fi- 
nite the gauge transformation between two differ- 
ent abelian projections will be continuous eccept 
at a finite number of points at a given time, i.e. 
at the location of monopoles and will preserve 
topology. /i a , ea. (|10fl will then create a monopole 
in all abelian projections. (/i a ) ^ signals then 
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Figure 1. An example of probability distribution 
of the difference of the two highest eigenvalues 
of the phase <E> of the Polyakov line e 1 *, at the 
lattice sites. SU(3) gauge group, (3 = 6.4, lattice 
16 4 , 10 3 configurations. 



dual superconductivity in all abelian projections. 
This is confirmed by numerical simulations on the 
lattice, showing that (/x) is independent on the 
abelian projection^. The density of monopoles 
is indeed finite as shown in fig.l where the dis- 
tribution of the difference of eigenvalues of the 
Polyakov line is displayed. The number of sites 
where two of them coincide is zero. This happens 
for many choices of the operator and different 
values of the lattice spacing. See also re.^3] for 
the density of monopoles in the maximal abelian 
gauge. 

Dual superconductivity is an intrinsic property 
independent of the choice of the abelian projec- 
tion. 

We thank M. D'Elia for the measurement re- 
ported in fig.l. 

This work is partially supported by MIUR 
project Teoria delle interazioni fondamentali. 



REFERENCES 

1. G. 't Hooft, in "High Energy Physics", EPS 
International Conference, Palermo 1975, ed. 

A. Zichichi. 

2. S. Mandelstam, Phys. Rep. 23C (1976) 245. 

3. G. 't Hooft, Nucl. Phys. B 190 (1981) 455. 

4. G. 't Hooft, Nucl. Phys. B 79 (1974) 276. 

5. L. Del Debbio, A. Di Giacomo, B. Lucini,G. 
Paffuti, The abelian projection in SU(N) 
gauge theory, hep-lat 0203023. 

6. see eg. S. Weinberg, The Quantum theory of 
fields, chapt.19, Cambridge University Press, 
1990. 

7. L. Michel, Rev.Mod.Phys. 52 (1980) 617. 

8. Ling-Fong Lee, Phys. Rev. D9 (1974) 1723. 

9. A.M. Polyakov, JEPT Lett. 20 (1974) 894 . 

10. A. Di Giacomo, Acta Physica Polonica B25 
(1994) 215; L. Del Debbio, A. Di Giacomo, G. 
Paffuti, Phys. Lett. B349 (1995) 513; L. Del 
Debbio, A. Di Giacomo, G. Paffuti, P. Pieri 
Phys. Lett. B355 (1995) 255; A. Di Giacomo, 

B. Lucini, L. Montesi,G. Paffuti, Phys. Rev. 
D61 (2000) 034503; ibid. 034504. 

11. A. Kovner, M. Lavelle, D. Mac Mullan, JEHP 
0212 (2002) 045. 

12. A. Di Giacomo, Independence on the abelian 
projection of monopole condensation in QCD, 
hep-lat/0206018. 

13. J.M. Carmona, M. D'Elia, A. Di Giacomo,B. 
Lucini, G. Paffuti, Phys. Rev. D64 (2001) 
114507. 

14. V. Bornyakov, M Mueller-Preussker, 
Nucl.Phys B (Proc. Suppl.) 106 (2002) 
646. 



